
572 J. GUIDANCE VOL. 13, NO. 3

Proof of the necessity and sufficiency between the condition
of Eq. (6) and that of Eqs. (7) and (8) is provided in Appendix
I of Ref. 8. Notice that the condition of Eqs. (7) and (8) differs
from the implicit assumption invoked in Ref. 4 (Note 11.2)
(that W is nonsingular) in three respects. First, P^1 is not
assumed to exist; use of the pseudoinverse P\ will properly
handle any situation regarding P^ whether or not zero eigen-
values are present. Second, the condition of Eq. (7) is such
that the submatrices are established to be positive semidefinite
rather than just a condition on the associated determinants, as
in Eq. 2. Third, there is an additional criterion present on the
nesting of null spaces9 of P3 and P2; the condition of Eq. (8)
must also be satisfied before the conclusion can be made that
the P of Eq. (5) is positive semidefinite.

The condition of Eq. (8) fails to be satisfied for the numer-
ical example of Eq. (4) since it reduces to

(9)
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8Anderson, B. D. O., Hitz, K. L., and Diem, N. D., "Recursive
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thus enabling the correct conclusion to be drawn that the
matrix of Eq. (3) is not positive semidefinite. When the condi-
tion of Eq. (8) is applied to the second example of Ref. 2 (Eq.
2) [identical to Eq. (3) here except that the parameter value a
appears in the place of the zero in the third row and column],
then the resulting

(10)

satisfies the required nested subspace property (for all nonzero
values of a) and enables the correct conclusions to be drawn
that the corresponding full matrix P is indeed positive
semidefinite for a > 1, while failing to be so if 1 > a > 0 [where
the second condition of Eq. (7) correctly comes into play to
reveal this lack of positive semidefiniteness in the latter case of
\>a].

III. Conclusion
Some prevalent misconceptions on how to test matrices for

positive semidefiniteness (both theoretically and computation-
ally) were reviewed. A simple counterexample revealed that a
recently offered partitioned test for demonstrating the positive
semidefiniteness of a matrix (with the potential of being ap-
plied stagewise to the higher dimensional matrices encoun-
tered in industrial applications) is flawed. A proper version of
such a test was discovered, as historically developed by others
in preparing to perform matrix spectral factorization (which
involves matrices whose entries are polynomials or rational
functions of a complex variable), but which is also valid in the
simpler case here where the matrices of interest have constant
numerical entries. The key difference between the incorrect
and correct version of the partitioned test is that a condition
involving the nesting of associated null spaces corresponding
to two of the critical partitions must also be satisfied in order
to properly conclude that the matrix is positive semidefinite.
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Introduction

THE theory used to find controllable or reachable sets
provides a useful tool in engineering design and analysis.

For example, consider the following illustrative problem: A
simple spring mass (k-m) system subject to a control force/is
described by

my + ky =/ (1)

where y is the displacement of the mass. Suppose that k/m
= 6/s2 and that a proportional, integral, derivative (PID) con-
trol loop of the form

6 J y dt + 6y)] (2)

is put about the system so that the controlled dynamics are
given by

y + 6y + 1 \y + 6y = r (3)

where r is a command input. The problem is to determine the
maximum possible energy in the spring-mass system if it is
initially at equilibrium, but for time />0, it is subject to an
unknown but bounded command input. This problem may be
solved by first finding those points in the three-dimensional
state space (position-velocity-acceleration) that are reachable
from the equilibrium point under the bounded command in-
put (the reachable set) and then finding where on the reachable
set the energy (Vimy1 + l/tky2) is maximized. Note, however,
that since only the energy is of interest, it would be sufficient
to have knowledge of only the projection of the reachable set
onto the position-velocity space. In this case, as indeed with
many other similar problems, it would be useful to have a
theory that could directly provide the projected controllable or
reachable set.

Received May 31, 1988; revision received Nov. 5, 1988. Copyright
© 1989 American Institute of Aeronautics and Astronautics, Inc. All
rights reserved.

*Professor, Aerospace and Mechanical Engineering. Member
AIAA.

tGraduate Student, Aerospace and Mechanical Engineering; cur-
rently, Post Doctoral Work, Memorial University of Newfoundland,
St. John's Newfoundland.



MAY-JUNE 1990 ENGINEERING NOTES 573

Any theory developed for controllable sets may, with
proper modification, also be used to find reachable sets. Thus*
to simplify matters in what follows, we will refer to control-
lable sets only. Furthermore, we will restrict the analysis to a
dynamical control system of the form

JC=/(JC,M) (4)

where x = [x\^..txn]T is an n -dimensional state vector, w is a
scalar control, and/= [/i,...//ilris ac1 function of the state
x and control u. The dot denotes differentiation with respect
to time. The control can be any piecewise continuous function
of time that satisfies the constraint condition utU with U
defined by

U = [UtR It/min < U < Mmax) (5)

Associated with the system (1) is a target set defined by

000 = 0 (6)

A fundamental problem in control theory is to find those
points in state space where one can guarantee driving the
system to the target. The set of all such points is called the
controllable set.1 The boundary of the controllable set may be
found for problems of low dimension by directly applying the
controllability maximum principle.2'3 This principle has been
used to find the boundaries of controllable sets for a number
of problems of one,4 two,1'4'5 and three dimensions.6'8

However, use of the controllability maximum principle to
define the controllable set is, for all practical purposes, limited
to problems of three dimensions or less. Since we may be
interested in only projection information, as noted in the
foregoing example, it is of interest to consider using the con-
trollability maximum principle to determine projections of
higher-dimension controllable sets onto lower dimensions.

Projected Controllable Sets
Since the ordering of the components of the state vector is

arbitrary, assume that the first few components define the
space on to which the controllable set is to be projected. In
particular, let these components be designated by the vector

P = lPl,...,

where 1 < q < n — 1. Let

Z = [

(7)

(8)

be a vector related to x through a nonsingular linear transfor-
mation matrix Q of the form

(9)

where / i s a q x q identity matrix and Q2\ and Q22 are
(n — q) x q and (n — q)x (n — q) matrices, respectively. If Q
can be chosen such that the transformed state variables satisfy
a system of equations of the form

i = fA(zfu) (10)

(11)
(12)

where w is a scalar "output" from Eq. (10) and/4, g, and/c
are all c1 functions of their arguments, then these equations
may be used in various combinations to obtain both an under-
estimate and overestimate of the projected controllable set.
Note that Eqs. (10) and (11) are decoupled from Eq. (12), and
that Eq. (12) expresses the dynamics of the projected system

(e.g., p - [*i, A^]7) in terms of the projected state variables p
and an output w as obtained from Eq. (11). Equation (10)
expresses the remaining dynamics as a function of the remain-
ing transformed variables and original input u.

The basic idea, supported by theorems to follow, is con-
tained in Fig. 1. If the original system has an equivalent
representation given by Eqs. (10-12), we may think of the
input to system A as producing an output that, in turn, drives
system C. We first find the domain of the output w by the
methods explained next. If we then find the controllable set to
the projection of the target in p space for system C with w as
the input subject only to the domain just obtained, the result-
ing controllable set must be an overestimate of the projection
of the actual controllable set (see theorem 1). We then find a
closed-loop control law for u that will drive system A from
any point in its controllable set to the projection of the target
in z space. If this control law is then used to drive the input to
system A whose output, in turn, drives system C, then the
domain of attraction defined by the output of system C must
be an underestimate of the projection of the actual control-
lable set (see Theorem 2).

Basic Theory
In order to prove the theorems, we will need three addi-

tional systems in addition to those depicted in Fig. 1. All five
systems are summarized in Table 1.

The original system subjected to the control constraint [Eq.
(5)] is assumed to have a nonempty controllable set, desig-
nated by Cx. Since one can drive the system from all points in
Cx to the target, there must exist a feedback control law u(x)
that will do the job.

System A-B is equivalent to the original system, but with a
different state-variable representation. It is, however, subject
to the same control constraint (5) that will produce a control-
lable set C. Again, there must exist a feedback control law
u(z,p) that will drive this system from any point in C to the
target.

System A

z = fA(z, u)

w = 0(z,u)

w

System C

p = fc(p,«>) Xi,X2,--',Xq

Fig. 1 Equivalent representation for a single-input control system.

Table 1 Systems used in proof of the theorems

State Control Control
System Representation variables variable Set of interest law

Original

A-B

C

A

A-C

x=f(x,u)

*=/4fctt)

>-/cfcw)

t./ifcw)

14» — n (<* 11 \
"' — & \V» •* /

X

z,p

p

z

Z,P

uW Controllable set
cx

u(x)

utU Controllable set u(z,p}
C

w€ W Controllable set
Cp

w€£7 Controllable set
Q

tt€£/Domain of attraction
Obtained from u(z)

D

*(P)

»(*)

«(«)
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The state variables of system C are just the first few state
variables (projected variables) of the original system. Its con-
trol variable is w, and as a standalone system, its control is
assumed to be subject to a constraint set defined by

= {w€R\w=g(z,u) and utU] (13)

where Cz is the controllable set for system A to follow. Note
that Wis the domain of g over the range Cz x U. The control-
lable set for this system is designated by Cp and let w(p) be a
feedback control law that will drive system C from any point
in Cp to the target.

The state variables of system A are the remaining trans-
formed variables z. It is subject to the same control constraint
set as the original system, resulting in a controllable set Cz.
Let u(z) be a feedback control law that will drive system A
from any point in Cz to the target.

The final system A-C is the equivalent system of Fig. 1. Its
state variables are z and/? with the control u subject to Eq. (5).
The underestimate for the projection of Cx onto the p space
will be obtained from the domain of attraction to the target set
under the control law u(z).

To prove the first theorem, we first note that if projzC is the
projection of the controllable set for system A-B onto z space
and Cz is the controllable set for system A, then

(14)

This follows since for any point (p,z)£C, there exists a control
u(f) that will drive system A-B from (p,z) to the target, and if
this same control is applied to system A from the point z,
system A will also be driven to the target in z space since
Eq. (10) is uncoupled from Eqs. (11) and (12).

If we now calculate a new constraint set W defined by

W = l w =g(z,u) Vz€projzC and utU] (15)

it follows from Eqs. (13) and (14) that W £ W. If we now find
the controllable set to system C with w constrained by Eq.
(15), we obtain a set Cp that, since W is more restrictive than
W, is related to Cp by

(16)

Theorem 1: If proj^C* is the projection of the controllable
set for the original system onto p space and Cp is the control-
lable set for system C subject to the control constraint w€ W,
then

(17)

Proof: Let 12' be the set of all continuous functions w( •)
satisfying w(0€ W' for all f >0 and C'p be the controllable set
for system C corresponding to w( • )€ 12'. Let 12" be the set of
all functions w(t) obtained from Eqs. (10) and (11) for all
piecewise continuous functions « ( • ) satisfying u(t)€U for
/>0 and which produce trajectories that satisfy x(t)$Cx for
t >0. Note that all functions 12" satisfy w(t)£W for t>Q
because of definition (15). Let Cp be the controllable set for
system C subject to w ( - ) € ^ " - Since 12" is more restrictive
than 12' (12" Cl2'), it follows that

(18)

(19)

Assume proj^C* £ Cp and let p be a point in Cp , but not in
projpCx. This point is controllable to the target by means of
some w(-)€ l2" . Let u(t) be the control that generated w(0-
By means of this «(/), we can drive p to the target while

To complete the proof, we need to show that

remaining in Cx, which is a contradiction to the assumption.
It then follows from Eqs. (18) and (19) that

(20)

Condition (17) then follows from Eqs. (16) and (20).
Theorem 1 provides one way of determining an overesti-

mate for projpCx. Alternate methods exist for obtaining over-
estimates for Cx (from which an overestimate of proj^C* could
be obtained) based on Lyapunov methods9'10 and decoupling
techniques for linear systems.11 However, none of these meth-
ods provide underestimate information, so it is not possible to
judge the accuracy of the overestimate.

The following theorem provides a way for determining an
underestimate for projpCx.

Theorem 2: If projpCx is the projection of the controllable
set for the original system onto p space and piojpD is the
projection of the domain of attraction ontop space for system
A-C under the closed-loop control u(z), then

(21)

Proof: If projp&gprojpC*, then there must exist a point
(pfz)^f> with p £CX that can be driven to the target under the
control law u(z). Since system AC can be transformed to the
state space of the original system by means of a nonsingular
transformation [Eq. (9)], it follows that there must exist points
not in Cx that can be driven to the target. This contradicts the
assumption that Cx is the controllable set for the original
system, and the theorem follows.

Application to Linear Systems
In order to use theorems 1 and 2 to estimate proj^C*, one

must first be able to put the original system into the form of
Eqs. (10-12). Wu12 has shown that a transformation Q will
always exist for linear input/output (I/O) systems of the form

(n) a\y = bu (22)

where y(n) = dny/dtn. By choosing Xi=y, x2=y,...,xn=y(n~l\
this system is first put into a state-space representation of the
form

x = Ax + Bu (23)

where A and B are in companion form. Under the Q transfor-
mation, Eq. (23) becomes

+QBU
and is of the form of Eqs. (10-12) if one chooses

(24)

(25)

System C will have the first two eigenvalues and system A will
have the rest.12

Example
Consider again the I/O system previously given. In order to

find the reachable set for Eq. (3), we may instead find the
controllable set for the retrosystem given by

'y —6y (26)

where r - — u, and the dot now denotes differentiation with
respect to negative (retro) time. Assume that \u I < 1.

The following Q matrix

1 0 0
0 1 0
6 - 9 3

(27)
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to the origin is given by

-0.20 -0.15 -0.10 -0.05 0.00 0.05 0.10 0.15

Fig. 2 Overestimate and underestimate for the projected control-
lable set to the origin for the three-dimension example.

transforms the equivalent state-space system (23) to

Pi
P2

o i o
-2 3 1/3
0 0 3

Pi
P2

Zl
0 (28)

By setting w = z\, we have a system in the form of Eqs. (10-12)

Zi = 3zi + 3w ? system A (29)

(30)

We may now obtain both upper and lower estimates for
the projected controllable set. The bounds W are obtained
from the equilibrium solution to Eq. (29) under u = + 1 and
u = . — 1. We obtain

I w l (31)

Now using w subject only to Eq. (31) as the input to system C,
we must now find the control law for w that yields trajectories
on the boundary of the controllable set for system C. A simple
prescription for doing this is given by Gayek and Vincent.13 In
particular, with real eigenvalues for system C, we need only
integrate backward from the equilibrium point corresponding
to H> = -1 using the control w = + 1 and then integrate back-
ward from the equilibrium point corresponding to w = +1
using w = — 1. The two trajectories obtained will be the
boundary of the controllable set for system C. The resulting
controllable set labeled "over" in Fig. 2 is an overestimate for
the actual projection of the true controllable set in accordance
with theorem 1.

In order to obtain the underestimate, we must find a closed-
loop control law u(z) as the input for u to drive both system
A and system C together (i.e., the overall system). A closed-
loop control law that will drive system A from any point in Cz

»(*) = -sgn(kzi) if \kii\: (32)

for k>3. The domain of attraction D for the system A-C
under this control law is obtained by integrating system A
from any point in the neighborhood of the origin backward in
time under u(z) until a boundary point of Cz is identified. At
this point, the control is switched in sign and integration is
continued until another boundary point is identified, etc. By
plotting the resulting trajectories in p space, we are able to
identify proj^D, which in turn defines an underestimate of the
true controllable set as illustrated in Fig. 2 with the curve
labeled "under." In this case, the underestimate is identical to
the actual projection.12

Summary
This Note extends the usefulness of the controllability max-

imum principle by demonstrating its ability to find estimates
of projections of the controllable set onto a lower-dimension
(i.e., two-dimensional) space. Three- or four-dimensional prob-
lems may now be "solved" with about the same difficulty as
two-dimensional problems were previously solved. The poten-
tial exists for solving higher-dimension problems as well. The
method is applicable to both linear and nonlinear systems,
however, only for a class of linear systems has it been shown
that a transformation matrix exists that allows for a direct
application of the method.

References
^kowronski, J. M. aiid Vincent, T. L., "Payability With and

Without Capture," Journal of Optimization Theory and Applica-
tions, Vol. 36, Jan. 1982, pp. 111-128.

2Grantham, W. J. and Vincent, T. L., Modern Control Systems
Design, Wiley, New York, Chap. 6 (to be published).

3Grantham, W. J. and Vincent, T. L., "A Controllability Mini-
mum Principle," Journal of Optimization Theory and Applications,
Vol. 17, Oct. 1975, pp. 93-114.

4Vincent, f. L., Lee, C, S., and Goh, B. S., "Maintenance of the
Equilibrium State in the Presence of Uncertain Inputs," International
Journal of System Science, Vol. 16, Nov. 1985, pp. 1335-134,4.

5Vincent, T. L., "Control Design for Magnetic Suspension," Opti-
mal Control Applications and Methods, Vol. 1, Jan.-March 1980, pp.
41-53.

6Vincent, T. L., Cliff, E. M., Grantham, W. J., and Peng, W. Y.,
"Some Aspects of Collision Avoidance," AIAA Journal, Vol. 12,
Jan. 1974, pp. 3,4.

7Peng, W. Y. and Vincent, T. L., "Some Aspects of Aerial Com-
bat," AIAA Journal, Vol. 13, Jan. 1975, pp. 7-11.

8Vincent, T. L., Sticht, D. J., and Peng, W. Y., "Aircraft Missile
Avoidance," Operations Research, Vol. 24, May-June 1976, pp.
420-437.

9Graritham, W. J., "Estimating Reachable Sets," Journal of Dy-
namic Systems, Measurement, and Control, Vol. 103, Dec. 1981, pp.
420-422.

10Summers, D., "Lyapunov Approximation of Reachable Sets of
Uncertain Linear Systems," International Journal of Control, Vol. 4,
May 1985, pp. 1235-1243.

HGayek, J. E., "Approximating Reachable Sets for a Class of
Linear Control Systems," International Journal of Control, Vol. 43,
Feb. 1986, pp. 441-453.

12Wu, Z. Y., "Estimating Projected Controllable Sets for Dynami-
cal Control Systems," Ph.D. dissertation, Univ. of Arizona, Tucsori,
AZ, 1988.

13Gayek, J. E. and Vincent, T. L., "On the Asymptotic Stability of
Boundary Trajectories," International Journal of Control, Vol. 41,
April 1985, pp. 1077-1086.


